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1. Introduction 

We attempt to generalize the concept of local coefficients, local coefficients where first defined by 
Shahidi in [Sha78] and have been studied extensively in consecutive works [ShaSll IKS881 IShaQO] 
to name a few. One of the reasons local coefficients are important is because they provide ways to 
define local L-factors and epsilon factors of the L-functions appearing in the Langlands-Shahidi 
method [ShalOlfShaQO] . Another important application is the relation that local coefficients have 
to the so called Plancherel measures (see Proposition [3]). Local coefficients have only being defined 
in the case where we have a group that is quasi-split and for representations that are generic. 
In this paper we define what we call “generalized local coefficients”, for the non-split group 
GLm(P*), for D a central division algebra over a non-archimedean local field F of characteristic 
zero. The name “generalized local coefficients” is justified since in the case where D = F, we 
obtain that our generalized local coefficients are local coefficients defined by Shahidi. In fact, we 
developed a more general theory based on two hypothesis that we labelled Hi and H 2 (Section 
ED. Under these two hypothesis we defined generalized local coefficients and showed that in the 
quasi-split case they are a positive constant multiple of Shahidi’s Local coefficients. We then 
showed that GLm{D) satisfies hypothesis Hi and H 2 . 

Let us explain in more detail the ideas developed in this paper. Let G be the F points of a 
connected reductive group over F. We fix a maximal split torus A in G. We let Q = LU be a 
minimal parabolic subgroup defined over T, where the centralizer of A in G is L. Let g denote 
the Lie algebra of G. We define to be the set of roots coming form the adjoint action of A 
on 0 . We let Qa be the Lie algebra that corresponds to a root a. We let A denote the simple 
roots corresponding to Q. We say that a nilpotent element Y € g, is relatively A-regular or just 
relatively regular for short if Y is of the form 

Y =Y,y^,y^ + 0, E0„. 

There is a one to one correspondence between subsets of A and standard parabolic subgroups of 
G. Let 0 C A and let P = MiV be the subgroup that corresponds to Q. We let be the relative 
Weyl group with respect A. We use the notation P = MN to denote the opposite parabolic to 
P. Let K be the maximal compact subgroup of Bruhat~Tits |BT72j that satisfies PK = G. We 
consider w an element in gW to be such that w{0) = 9' C A. We let P' = M'N' be the parabolic 
subgroup that corresponds to O'. We let m, n and n denote the Lie algebras of M, A and W, 
respectively. For an element Z E g, we denote by the projection of Z into the Lie algebra of 
M. Given a relatively regular nilpotent element T, we let to be a co-character of A with the 
property that 

(p{c)Y{c) = c^Y, c £ F^. 
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We say that an irreducible representation (vr, V) of G, is {Y, ip)-generic, if its space of degenerate 
Whittaker models 7 ^ 0 (Definition [3]) . We get Ym = Yla^e^oi- We say that an irreducible 
representation (cr,W) of M, is {Y,p)-generic if {(t,W) is (!!„) ¥^)“generic. We have thanks to 
the work of Moeglin and Waldspurger [MW87] . and by the work of Varma [Varl4| . that for a 
{Y, (^)-generic representation (vr, V) there exist for sufficiently large integers n, a sequence of 
compact open subgroups Gn and characters Xn of Gn, such that the Xn isotypic component of 
(tt, V) when restricted to Gn has hxed dimension equal to the dimension of degenerate Whittaker 
models Vy^p- Similarly for a {Y, (/ 7 )-generic representation {a, W) of M, we have for n sufficiently 
large, a sequence of compact open subgroups Mn and characters Xn of Mn, such that the Xn 
isotypic component of {a, W) when restricted to has fixed dimension equal to the dimension 
of degenerate Whittaker models Wy^^p. Let us denote by Vn (resp. Wn) the underlying vector 
space of the Xn (resp. Xn) isotypic component of (vr, V) (resp. Wn ) when restricted to Gn (resp. 
Mn). We say that w and {Y, p) are compatible if (Ad(r(;)y)m = Ym- 

Let {a, W) be an irreducible (Y, (^)-generic representation of M. Suppose that {Y, p) is com¬ 
patible with w. Using the compatibility condition we get that the representation (^a,W) of M' 
is (y, (/j)-generic. We denote by X*{M) the lattice of algebraic characters of M defined over F. 
Given an element u € X*(M) (S>z C, we obtain an unramied character of (a,W) that we also 
denote by u fSubsection l2.ip . We denote by (/(u, a), V (u, a)) the representation of G obtained by 
normalized parabolic induction form the representation W) of M. We also have a represen¬ 

tation I{^v,'^a) obtained by normalized parabolic induction of the representation (“’fT0"'u, W). 
We have an intertwining operator 

A(u, a, w) : I{u, a) —L("'u, ^< 7 ). 


The hypothesis Hi will guarantee that Gnf^M = Mn and that the restriction of Xn to M is equal 
to Xn ■ Given a u G Wn we obtained by Proposition [ 6 ] a canonical function f(u,a,v) € V{iy,a)n, 
such that the restriction to K is independent of u. Using the compatibility condition of w and 
(Y, p) we are able to justify that the underlying vector space of the Xn isotypic component of 
(fj, W) when restricted to Mn is the same as the underlying vector space of the Xn isotypic 
component of (^cr, W) when restricted to M^. We therefore obtain again form Proposition [U] the 
canonical function € V{'^u,'^a). Making use of hypothesis H 2 we obtain that every 

vector in I{u,a)n is a canonical function of the form f(u,a,v) some v € Wn- We have that 

T(u, a,w)f(^n,a,v) 


must be in a)n and therefore has to be a canonical function. One of our main results is 

Theorem [HI where we proved that f(n,a,v) £ is an “eigenvector” for A{i',a,w) and the 

corresponding “eigenvalue” is what we call a generalized local coefficient. To be more precise, for 
sufficiently large n we prove the existence of meromorphic function ,j)(u, a, w) such that for 
V €Wn 


(J, w) f f urr,v)' 

The idea of finding such functions can be seen in the work of Keys |Key84| , for principal series 
representations of SL 2 (F) and SU 3 (T). 


Two of the main properties of local coefficients is their relation to Plancherel measures and 
their multiplicativity property. Proposition [3] and Corollary [5l respectively. We have shown in 
Corollary 0 that the relation of generalized local coefficients to the Plancherel measures is a 
relation completely analogous to the one that local coefficents have to Plancherel measures. We 
also have shown in Corollary [TU] that generalized local coefficients are multiplicative. In Section 
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13.21 we showed that in the quasi-split case, generalized local coefficients are a positive multiple 
of local coefficients and in the case of GL„(F) generalized local coefficients are local coefficients. 
In the last section we proved the existence of generalized local coefficients for the non quasi-split 
group Ghm{D). 
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2. Preliminaries and notation 

Let T be a non-archimedean local field of characteristic zero, we denote by o the ring of integers 
and by a uniformizer in F. Let G be a connected reductive E-group and let G = G(E), we 
denote by F the algebraic closure of F and we may identify G(E) with G. Let g be the lie algebra 
of G and let trg be an invariant symmetric form on g. We have that G acts on g by an adiont 
action that we denote by Ad. Given g & G, and Z G g, we write or gZg~^ to mean A.(l{g)Z. 
Similarly we write Z^ or g~^Zg to mean Ad{g~^)Z. Let A be a maximal split torus in G and 
denote by <1> be the root system obtained by the action of A on g. Let X*{A) and A*(A) denote 
characters and the co-characters of A and denote by (,) the perfect paring between them. We let 
Zg{A) and Ng{A) denote the centralizer and the normalizer of A in G respectively. We let cbP 
denote the relative Weyl group Ng{A)/Zq{A). Let g^ = {X G g : Ad(a)A = a{a)X, a G A}. We 
then get a decomposition 

0 = 3 0 0a 

aSA 

Where 3 denotes the lie algebra of Zg{A). Let T be a nilpotent element in g. Consider a co¬ 
character ip : Gm —>■ G defined over F such that Ad((/?(c))y = c^T, for c £ F. We would like 
to note that in |Varl4j and |MW87j they consider Ad((/7(c))y = c~^Y, but this change will not 
affect us in any serious way and it will help us to ease some notations. Given a parabolic subgroup 
P = MN we denote by P = NM the opposite parabolic subgroup to P. The co-character p 
induces a grading for g 

0 = 00* where g* = {A G g : Ad((/?(c))A = c*A, c £ F} 
iez 

Let 

q = 0 01, u = 0 0i, u = 0 0i 

i^O 'i>0 2<0 

Then q is the lie algebra of some parabolic subgroup Q{p) = LU, and u (resp. u) is the lie algebra 
of U (resp. ?7)-the unipotent radical of ( 5 ((/ 9 )(resp. the unipotent radical of Q). 

Let trg denote a non-degenerate symmetric bilinear form on g that is invariant under the 
adjoint action of G. In an attempt to be consistent with the notations in [MW871 IVarl4] we 
write trg(AZ) to denote trg(A,Z). Let A# = {A G g : [T,A] = 0} = {A G g : trg (A [A, Z]) = 
0 for all Z G g}. Let By denote the alternating bilinear form on g x g given by By{X,Z) = 
trg(A[A, Z]). Then By induces a non-degenerate alternating bilinear form on QjY"^ x g/A^ 
that we still denote by By. 
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Lemma 1. There is a lattice C of g that satisEes: 

1) C = ©iezA where £i = gi n C, 

2 ) Cy = £/(£ n y^) is self dual with respect to ^ o By- Where V' is a character of F of 
level zero (trivial in o but not in w~^o). In other words Cy = {x ^ g/Y'^lip o By{x,z) = 
1, for all z € Cy}. 

Let f he a function on g that is locally constant of compact support. We denote by /Xg the 
Haar measure on g. We then define 

f{Y) = I f{X)i;{tr,{X,Y))dp,{Y), Y G g. 

0 


We get that / is a function on g that is locally constant of compact support. Let O denote 
the orbit of X € g under the adjoint action. We let StabclX) denote the Stabilizer under this 
action. It is known that StabciX) is unimodular and therefore induces an invariant measure on 
G/StabciX) unique up to a constant. We have by a result Rao, also attributed independently 
to Deligne |RR.721 IHC99| , that the integral 

hoif) = [ f{Ad{x)X)dx 

JG/StabciX) 


converges for / locally constant of compact support on g. We then dehne po{f) = hoif)- Let 
(tt, W) be an irreducible smooth representation of G. There is a theorem of Harish-Chandra 
|HC99| . that shows that 


tr(7r) = ^ Gohb {*) 

OGO(0) 

Where 0{g) denotes the nilpotent orbits of g and Go are complex numbers. We can be more 
explicit about the Harish-Chandra character formula ([*]). Indeed, there exists an open set 
around 0 G g, homeomorphic to an open set Y of the identity in G under the exponenital map 
exp : ^ y, the inverse is given by the map log : Y —Then, for every continuous 
function / of compact support in F we get 


tr(7r(/)) = ^ C'o/x^(/oexp) 

oeo(0) 

We impose an order on the set of nilpotent orbits by saying O' ^ O, if O' C O. Where O 
denotes the closure in the topology coming from g. 

Definition 1. Let (vr, W) be an irreducible representation of G, and let Oy denote the orbit 
ofY. We say that that (vr, W) is T-generic, if Oy is maximal with respect to the property that 
the coefRcient coy 1^ tLe Harish-Chandra character expansion of (vr, W) like above is not zero. 

The fact that Definition [1] is indeed a generalization of generic representations for quasi- 
split groups will be clear from Theorem [2j The next theorem summarizes some of the results in 
|MW87llVa7T4] . 

Theorem I. Let Y, Q((p) and L be as before. There is a positive integer B such that for all 
integers n > B. 

1) exp(ro"'£) is a subgroup of G that we denote by Gn, 
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2) Gn has an Iwahori decomposition with respect to every standard parabolic. 

Let (vr, W) he a Y-generic representation of G and suppose further that Oy is maximal. After 
choosing an appropriate measure for G, which induces a measure on q as in JVarJ4[ 1039], we 
get that there exists a character Xn of Gn, trivial on Q{(p) D Gn, such that the vector space 
Wn = {w ■. 7r{x)w = x{x)w} has dimension Coy 

The last paragraph of Theorem [1] corresponds to Lemma 7 in [Varl4| . The groups Gn and 
the characters Xn of Theorem [1] will be crucial in the rest of the paper. We will be more explicit 
about how the characters Xn are defined, from now we just introduce some more notation, we 
write Xn to denote X n Gn, for any subset X of G. If (tt, W) is a representation of G, we write 
(vr, or just by Wn if there is no confusion, to denote the Xn isotypic component of the 

representation (vr, IT) restricted to Gn- 

We fix from now on a minimal parabolic subgroup Q = LLf, defined over F, with maximal 
split component A. Let A denote the set of simple roots in A* (A) corresponding to Q. We also 
have a set of positive roots that we denote by and a set of negative roots that we denote by 
determined by Q. 

Definition 2. Let T € g be nilpotent element. We say that Y is a relatively regular (relatively 
A-regular) nilpotent element, if is of the form 

Ya where Y^ G Qa Ya 7^ 0 . 

aSA 

Since we work with a fixed Q and thus a fixed A, we usually drop the symbol A and just talk 
about relatively regular nilpotent element. 

We have that there is a co-character tp in X^,{A), such that {oi,ip) = 2, for all a € A. 
Therefore the character ip, has to satisfy that for a € [a, p) > 0 and for a G (a, p) < 0. 

We conclude that Qipp) = Q. If for a relatively regular nilpotent element Y, we have a G X„,[A), 
such that Ad((/?(c))y = (?Y , for c G F, we get {oi,p) = 2, for all a G A, and thus Q{p) = Q. 
We denote by {Y, p) a pair given by a relatively regular nilpotent element Y , and a co-character 
p G X^,{A), such that Ad((/v(c))y = (?Y , for c € F. 

We obtain a character y : U —> given by ^( 7 ) = V'(trg(y log( 7 ))). We denote by Wy^^p 

(or Wy ij) the twisted Jaquet functor obtained by taking the quotient of W by the space spanned 
by 

{Tr{u)w — x{u)w}, u ^ U. 

Using the definition given [MW87[ Pg. 428] or the definition given in the introduction of [Varl4l 
Pg. 1028] in the case where gi = 0, we define the vector space of degenerate Whittaker forms to 
be the space Wy jj. We note that in our situation gi = 0 because Y is relatively regular nilpotent. 

There is a connection that we need to specify between y and the characters Xn in Theorem 
m Let {Y,p) be the pair used to define x, and let p{w) = t. Then XniQj) = for 

q e Qn, j G Lfn- We get 

Xniqj) =x{t^jt-n = iA(trg(y log(Fjt-"))) 

=V>(trg(t-"yFlog(j))) = V^(trg(tZ7-2-yiog(j))) 

We also point out that Xn is trivial in Qn. 

Definition 3. Let (vr, W) be a representation of G, and let Oy denote the orbit ofY. We say 
that that (vr, W) is (Y, (/v)-generic, if Oy is maximal with respect to the property that Wy^p 7 ^ 0. 
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In the case where Y is relatively regular we have that Oy, the orbit of V under the adjoint 
action of G, is a maximal orbit. We then get out of Theorem 1 in |Varl4j the following result. 

Theorem 2. 

i) The representation (vr, W) of G is Y-generic for a relatively regular nilpotent Y if and only 
if is (Y, (fi)-generic some ip. 

a) Let (vr, W) of G be (Y, p)-generic and let B and Wn be as in Theorem [IJ The dimension of 
the space of degenerate Whittaker forms is equal to Goy ^or n > B, equal to the 

dimension of the space Wn- 

We then introduce the convention that every time we use the objects Wn, Gn or Xn, we mean 
that n is sufficiently large so that Theorem [1] (and thus Theorem [2]) is satisfied. 

Remark 1. We do not need the element Y to be relatively regular to have a good notion of 
degenerate Whittaker forms with respect to some pair {Y, p). We could have changed Definition 
[2| to say that a representation (vr, W) is {Y, (/?)-generic, if Oy is maximal with respect to the 
property that the space of degenerate Whittaker models with respect to some pair (Y, p) is non¬ 
zero. With this new definition it will follow from the work of JMW871 1 Vari4| that the notion 
of Y-generic and (Y, p)-generic are equivalent. We did not go through with this more general 
situation because the definition of degenerate Whittaker forms for an arbitrary nilpotent element 
Y is considerably more complicated and will not help us in the sequel. 


2.1 Intertwining Operators 

Let P = MN he a parabolic subgroup with left Haar measure pp. Define 5p to be the character 
that satisfies the formula 



f{xg)dpp{x) 


f{x)dpp{x), g e P. 


We get that 5p{m) = det|Adn(m ^)|. Let X*{M) be the algebraic characters of M defined over 
F. We have a map 

Hm -M —^ a = Hom(A*(M),M) 


defined by 

qixPMim)) ^ 

X G X*{M), m G M. We let a* = X*{M) M, which is the dual of a. We let = a 0 r C. 
Given u G aj, we define an unramified character of M, that we also denote by u, by the formula 

We get for any subset 9 of A, we get in the usual way a standard parabolic subgroup Pq = 
MgNg. Let 9' be also a subset of A such that there is an element w G gW satisfying w{9) = 9'. We 
also have a parabolic subgroup Pgi = MgiNgi associated to 9' and thus satisfies that "'M = M'. 
Let rc G G, be a representative of w in g^■ Let (a, W) be an irreducible representation of M 
and choose u G aj, we define 

I{v, a) = Ind^g {a ® 

We denote by V{u, a) the space of functions where I (u, a) acts by right translations. Consider 
the representation and the unramified character "'u of M' given by 

‘^a{x) = a{w~^xw), and '^u(x) = v{w~^xw). 
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We then have an induced representation 

We define the intertwining operator A{v, a, w) first by 

A{u,a,w)f{g) = j f{w~^ng)dn, for f € V{u,a), 
wNw~^nU 

where we know that the integral is guaranteed to converge absolutely on a positive cone in o^. 
If for a fixed ly the integral defining A{n,a,w) converges for every / € V{i',a) and every g G, 
we get that A{n,a,w) is an intertwining operator from I{v,a) into Moreover, letting 

u vary we get that A{v, a, w) is meromorphic on the variable n and thus can be extended by 
analytic continuation to some bigger open set. Let us be more precise on the use of the word 
meromorphic. We follow closely the explanation of term meromorphic given in [Wal03[ IV. 1]. 
The set X[M) of unramified characters of M is a complex algebraic variety. Let 18 denote the 
space of polynomial functions of X{M). Let 

Oc = {(y ® V '■ ^ cic} • 

The variety X{M) induces a structure of complex algebraic variety on Oc- To ease the notation 
we write P, P' instead of Pq , Pgi , respectively. We have the existence of a maximal compact 
subgroup K of G, with the property that G = PK = P'K. We then have an isomorphism of 
vector spaces from (resp. K^v^'^a)) into Ind^pipU (resp. Ind^pipu) given by restriction 

Res^ (resp. Res^). Saying that A{v,a,w) is meromorphic means that there exists a Zarinski 
open set U of Oc, an element 6 € *8, such that for all a ® v and all / € Indf^pp, there exist 
{/i, ...fr} and {6i,... K] satisfying 

r 

6(z^)Res^' o A{v, a, w) o (Res^)“ V = ^ h{y)fi 

i=l 

2.1.1 Restriction of Intertwining Operators. Let 0* C 0, then w{6^,) C A. We let P* = 
and Pi = MlNl, be the standard parabolic subgroups corresponding to 0* and respectively. 

We note that P* C P, M* C M, and N C W- Let (cr*,IT*) be a representation of M*. Let 
a* = and let € a* ^ G a*iX)RC. Let us denote by the representation 

obtained by normalized induction 

For p € a^, we set G 0 * to satisfy 

, Vm* G M*. 

Suppose there is an injection T ; (cr, IT) —> lM{i'*-,cr*), then T induces an injection 

r*(p) : I{v, a) —+ V, cj*). 

We have that r*(p) is given explicitly by the following {T^{v) f){g) = T{f{g)){l), f gV{i', a), g G 
G. We also have that T induces an injection T'^ : ("'a, IT) —> where 

comes from normalized induction 

Ind^ ncr* (g) ) • 
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Explicitly T'^ is given by T'^{v){m') = T{v){wm'w ^), n € VE, m € M'. Then similarly to T, we 
get that T"' induces an injection 

The map Tr(u) is given by {T^{v)f){g) = T^{f{g)){l) = T{f{g)){l), f € Vriy,^a), g € G. 
Lemma 2 . Using the notation above we have that the following diagram 


/(u* + u, fJ*) 
I{v,a) — 


A(S+l/*,(T*,lo) 


IC 


u* + 




A(y,a,w) 




is commutative. 


Proof. Let / € E(u, cr). We need to show that 


A{v + u^,a^,w){T^{i^){f)){g) = Tf'{u){A{u,a,w)f){g), 'ig G G. 

Suppose for a moment that wN^,w~^ (lU = wNw~^ n U. We then have 

A{v+ v^,a^,w){T^{v){f)){g) = j {T^{v){f)){w~^ng)dn = j T{f{w~^ng)){l)dn 

'wNfW~'^r\U wNfW~^r\U 




\ 

T 

_/ 

f{w~^ng)dn 


wNw~^nU 

/ 


(1) = T{{A{iy,a,w)f){g)){l) 




It remains to show that 'wN^'w~^ CiU = wNw~^ n U. The containment D N, implies the 
containment wN^:W~^ DU D wNw~^ ClU. For the reverse containment we have W = {M n 
Then 

wN^w~^ r\U = {w{M n N^)w~^ ■ {wNw~^)) n U. 

Let X € w{M n y G wNw~^, be such that xy G U. The condition w{9) C A implies 

X G [/. We deduce out of Proposition 21.9 in |Bor91j that we can write y = yiy2, yi G wNw~^riU 
and y2 G wNw~^ fl U. Since xyiy2 € U we get that the product xyi is in t/ n [/ and therefore 
equal to the identity. We get x = yf^, which implies x and yi are the identity element. Therefore 
xy = y2 & wNw~^ n U, hence the reverse containment and the proof of the lemma. 

□ 


Remark 2 . A very similar statement to the one of the Lemma [21 can be found on IShalfA Pg. 
87] and on IShaSli Pg. 329]. We decided to include our own poof and version of Lemma\2l instead 
of citing it, because we believe it provides clarity for the proof of Theorem [Si 


2.1.2 Duality between V{u,a) and V{—T',a). In the case that ](t,W) is unitary it is possible 
to define a duality between I{v, a) and I{—V, a). Indeed, take (,) to be the Hermitian form in W. 
Let LT be a maximal compact subgroup with the property that G = PK. Then for /i G P(u, a) 
and /2 G V{—V,a), we define 

(/l,/2) = Jiflik), f2{k))dk. 

K 
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Where we integrate with respect to the Haar measure on K. We see that (,) is equivalent to the 
duality defined by Shahidi in [ShalOl 5.2], 

2.2 Local Coefficients. 

We continue with the same notation as in the subsection 12.11 As we mentioned before, local 
coefficients have only been defined in the case where G is quasi-split. We thus, in this section, 
restrict to the case where G is quasi-split. Let W£ G (resp. € mW) be the longest 
element in g^L (resp. tbe relative Weyl group of M). Let wq = and let wq be a 

representative in G of wq. Let y be a non-degenerate character of U, and let w € g^L be such 
that w{6) C A. We say that w and x are compatible if x{wuw~^) = x(^*)) all u £ M DU. 
We say that a is x-ffenenc if HomMni/ (o') x) is not zero, in which case it is 1-dimensional. We 
call the elements of Hom^nt/ (o', x) Whittaker functionals. The fact that the space of Whittaker 
functionals is one dimensional is what gives rise to the local coefficients. Indeed, suppose that wq 
and X axe compatible. Given A a Whittaker functional we can construct a canonical functional 
£ Homi/(I(n, a), x) by the formula 


J Hfiwo^n))x{n)dn. 

WqNWq^ 

Suppose that x and w are compatible. Let w^' = ww^w~^, then w^' is a representative of 
the longest element in m'W. We let w'q = W(,w^ and suppose that Wq and x are compatible. 
We then have a canonical Whittaker functional £ }lomu{I{^n,^a),x), given by the 

formula 


j ^n'))xin')dn'. 

We have that Xy^{^v,'^a)A{i/,a,w) £ Hom{/(/(o', i/), x)- Since any two Whittaker functionals are 
proportional we have that there exists G^{n, o',w) € C U {oo} such that 

-^x(g O') = C'x(g O', w)X^riy, a, w) 

The function Gy.{i',a,w) is the local coefficient attached to 1^,(7, x and w. The definition is due 
to Shahidi |Sha81| . [ShalOl 5.1]. 

2.3 Plancherel measures. 

We follow closely Shahidi’s book [ShalOl 5.3] for this subsection. Let a be an irreducible unitary 
X-generic representation of M. Let u £ a’f. and consider 

A{iy,a,w) : ^ 

as well as 

Arn,^a,w-^) : 

Assume that n is so that is irreducible. Then by Schur’s Lemma, 

A : Aif^v, ‘^a, w~^)A{i/, a, w) : cr) —> I{u, a) 
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is a scalar operator. Let 

7 ^(G/P) = J 5p{n)~^dh 

where 

Nw = n w~^Uw 

We also define in an analogous manner 'y^-i{G/P'). We then define a complex number n{u, a, w) 
to satisfy 

A(^u,'^a,w~^)A{u,a,w) = n{u,a,w)-fy,{G/P)j^-i{G/P') 

In analogy to the tempered case and when w = wq this is what Shahidi calls the Plancherel 
measure attached to u, u, and w. We get from Corollary 5.3.1 in [ShalO| the following result. 

Proposition 3. Let {a, W) be x-generic. Suppose that x is compatible with w,wo and Wq. One 
then has 

p{n, a, w)xw{G/P)Xw-^ {G/P') = G^{v, a, "'a, 

2.4 Factorization of intertwining operators. 

The results of this section are taken from [ShalOl 4.2]. Let 6, 9' C A. Let 

W{e, O') = {we gW\ w{e) = 9'}. 

We say that 9 and 9' are associate iiW{9, 9') is not empty. Let a G A —0, let 12 = 0U{a}. Let Mq 
and Mg be the Levi subgroups corresponding to and 0, respectively. Define 0 = Wi^fiWi^g{9) C D, 
where wi^ci and wi^g are the longest elements of the Weyl groups of Mn^ and MgW, respectively. 
We call 0 the conjugate of 0 in D. The following theorem comes from putting together Lemma 
4.2.1 and Theorem 4.2.2 in |ShalO| . 

Theorem 4. Suppose that 9 and 9' are associate. Take w (zW(9, 9'). Then there exists a family 
of subsets 01,02,..., 0fc G A such that 

a) 01 = 0 and 9^ = 0'; 

b) fix 1 ^ i ^ k — 1; then there exists ai G A — 9i such that 0j_|_i is the conjugate of 9i in 
Di = 0i U {aj; 

c) set Wi = Wi^n^Wi^g^ in W(0i, 0i+i) for 1 < k, then w = Wk-i ■ ■ ■ wi; 

Let u G be in the cone of absolute convergence of A{i/, a, w). Then each Uj G . j- is in 
the cone of absolute convergence for A{ui,ai,Wi), where ui = u, Ui = cji = cr and 

Oi = “’*“icJi_i, for 2 ^ i ^ k — 1. Moreover, 

A{u, a, w) = A{iyk-i,(Tk-i,Wk-i) ■ ■ ■ A{ui,ai,wi). 

Corollary 5 (Multiplicativity of local coefficients). One has 

71—1 

C^{u,a,w) = G^{vi,ai,Wi). 

i=\ 

3. Generalized local coefficients 

We let P = MA be a parabolic subgroup of G defined over F, and we let 0 C A the subset 
corresponding to P. We let m, n and h denote the he algebra of M, N and N, respectively. We 
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then have that g = n © m © n. Given an element Z € g, we denote by the image of Z under 

the projection of g onto m. We let {Y,ip) be as before, in particular Y = Yh Ya, Y^ 7 ^ 0 . We 

qGA 

then get Y^= ^ Ijj. It is then true that is a relatively regular element in M. We have that 

x{u) = V’(tr 0 (y log(?l))), ueu, 

restricted to M n C/ is equal to where = '0(trm(Yn^ log(«))), for u € M n C/. Indeed, 

this follows from the fact that the bilinear form trg restricted to m x m is equal to tr^^ [McNOdl 
Lemma 5], and from the fact that Y — Y^ & with respect to trg. Note that for a co-character 
^ € X^:{A) and a relatively regular nilpotent element Y, such that Ad(y?(c))y = c^Y, for c € F 
we get Ad((/3(c))Yni = c^Y^, so it makes sense to write {Ym,^)- 

Definition 4. Let {a, W) he an irreducible representation of M. We say that {a, W) is {Y, (p)- 
generic if (u, W) is (Y^, (p)-generic. 

In order to generalize local coefficients we will need two hypothesis to be satisfied, we call 
them Hi and H 2 . 

Hi. We can find a lattice £ of g that satisfies properties 1 )~2) of Lemma [T] with respect to By, 
such that for any standard parabolic subgroup P = MN of G we get that C^n = m n £ 
satisfies properties l)-2) of Lemma [T] with respect to By^. Moreover, we can choose £ to 
also satisfy ’^£ = £, for some full set of representatives of ui € ckL- 

H 2 . Let (cr, VL) be a (Lm, (/^j-generic representation of M. Then dimeVLym,y?=dimc/(0, cr)v_y,. In 
other words the dimension of the space of degenerate Whittaker forms is invariant under 
induction. 

Let £ be a lattice satisfying Hi. We get out of Theorem [1] a sequences of subgroups Gn = 
exp(tu”£) and characters on Xn that depend on Y. Also out of Theorem [H we have a sequence 
of subgroups Mn = exp(-a 7 ”£m) and characters Xn depending on Ym. We see that Gn CiM = Mn 
and Xn restricted to Mn is equal to x^ ■ We have that if G is quasi-split the dimension of the 
space of Whittaker functionals does not change for the induced representation [Shaini 3.4.6], 
therefore H 2 is always satisfied in this case. We assume throughout this section that Hi and H 2 
are satisfied. We abuse the notation and write Xn for the character Gn as well as for the restriction 
to Mn- We are going to assume from now on that every time we choose a representative w of an 
element of w £g W, is one that satisfies the condition '^C = £. 

3.1 Construction of some special functions 

Let {a, W) a (Y, (^)-generic representation of M. Let v be an element in W such that a{m)v = 
Xn{'m)v for m € Mn- We define f(u,o-,v) ^ to be the function with support in PNn given 

by fipj) = cr{p)5p{p)~^/‘^u{p)xnU)fi'^)^ for p € P,j G iV„; where /(I) = v, 6p is the modular 
function for P and p is an unramified character of M extended to be trivial on N- 

Proposition 6. The function f(^n,a,v) ts in that is f(u,a,v){9x) = Xn{x)f(y^a){g), for 

all Q G G, X G Gn- 

Proof- Let us denote f(u,a,v) by / for short. We want to show that f{gx) = Xn{x)f{g), for g G G, 
X G Gn- We have that Gn = NnPn, so it is enough to consider two cases, the case x G Nn, and 
the case x G Pn- The case x G Nn follows right out of the definition of /, so it is enough to 
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consider the case x ^ Pn- We have that Q D N and that Xn is a character of Gn trivial on Qn, 
thus also trivial on Nn- If x G Pn = we can write x = my where m € M„ and y G Nn- 

Then 


fix) = f{my) = a{m)v = Xnim)v = Xnix)v. (1) 

Let g G PNn and x G Pn = MnNn- We have g = pj, for some p G P and some j G Nn- The 
element x~^j~^xj~^ G kerxn, so there exists a 2 ; G kerxn such that x~^jx = zj. We write 
z = Z 1 Z 2 where zi G Pn and Z 2 G Nn- We then get 

fiax) =f{u,a){pjx) = f{pXX~^jx) = fipXZj) = f{pXZlZ2j) 

=a[p)aixzi)5~^/‘^ipxzi)v [pxzi ) Xn {z 2 j ) v 
=cr{p)5p^^‘^{p)vip)Xniz2j)fixzi) 

_ 1 /o 

=a{p)5p' ip)i'ip)Xniz 2 j)Xnixzi)v (by equation [I]) 

=aip)5p {p)i'{p)Xnixz)xij)v 
=Xn{xz)fipj) = xix)f{g) 

We get that figx) = Xnix)fig) is not zero for x G Gn-, and g G PNn- Therefore PNnGn = PNn- 
We get that if 5 ^ PNn then gx ^ PNn, which implies that figx) = 0 = Xnix)fig)- We conclude 
that figx) = Xnix)fig), for all g gG- □ 

Note that the functions Res^/(j, are independent of u. Let B = {vi,V 2 - - -, Vk} be a basis 
for Wn- We then have that 

Biv, (j) {f[i/,cr,vi)^ f{i/,cr,V2) ' ' ' ) f{i',cr,Vfi) } 

is linearly independent because their evaluation at the identity is linearly independent. We then 
conclude thanks to H 2 that {f(u,a,vi),f{u,a,v 2 ) ■ ■ ■, f(u,a,vk)} is a basis for /(u, 

In order to define generalized local coefficients it is natural to assume some relation from 
X and w coming from the compatibility condition in the quasi-split case. The character x only 
depends on Y and is more convenient to define the compatibility condition in terms of w and Y- 

Definition 5. Let w G gW. We say that w and iY,ip) are compatible if (T"')m = Ym, for 
uG M nU- 

Let us suppose then that w and iY,(p) are compatible. Using H 2 again, we have w~^GnW = 
Gn- We claim that compatibility of w and Y implies ^Xnix) = Xnix), x G M^- Indeed, take 
X G M'n and write x = qj, for q G Q H M'n , j G U fl M^. Since wiO) = 9' C A, we get that 
w~^qw G Q n Mn and w~^jw G U f] Mn- 

""Xnix) =Xniw~^qjw) = Xniw~^jw) = V'(trg(ro"^”y log(u;" 

=V’(trm(ro"^"(y"')mlog(j))) = V'(trm(tr7“^”(y)mlog(j))) 

=V’(tr 0 (ro" 2 ’"y log(j)) = Xnij) = Xnix) 


Given v G Wn = (tr, , we get for x G M'n that 

= aiw~^xw)v = Xniw~^ xw)v = Xnix)v 
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therefore v G We get out of the compatibility condition that x(u) = x{wuw ^), 

for tt € [/ n M and thus the space spanned by 

{a{u)v — x{u)v}, uGUnM,vGW 

is equal to the space spanned by 

{'^a{u)v — "'x(u)u}, u G U n M\ v gW 

and equal the one spanned by 

r(T{u) - xiu)}, uGUnM',v GW. 

Since taking the quotient of W by any of these subspaces is not zero we conclude that {^a,W) 
is (y, (^)-generic. We then can construct the function using Proposition [6] and we get 

that is in /("'i/, The same reasoning shows that 

13 U, (t) { i;i) ) V2) • • • ) i;j.) } 

is a basis for . The operator A(i/,a,w) maps isomorphically onto 

/("'i/, We denote by [A{i',a,w]B the matrix representation of the operator A{v,a,w) 

when restricted to I{v, with respect to the bases B{v, a) and “’a). We contend that 

[A{u, a, w]b is a scalar matrix, this scalar is what we are after, i.e. a generalized local coefficient. 
We first prove the case where a is unitary. 


Proposition 7. Let {cr,W) be a unitary, irreducible, (V, (p)-generic representation of M. Let B 
be any basis for Wn and suppose that w is compatible with (Y, p). Then for sufficiently large n, 
[A{i', a, w)]b is a scalar matrix. 


Proof. Let us denote by (,) the duality between V{v, a) and V{—V, a) defined in 12.1.21 Let (,) 
be a non-degenerate Hermitian form on the unitary representation {a, W). Let iL be a maximal 
compact subgroup such that G = KP = KP'. Let us suppose that B = {vi,V 2 , ■ ■ ■ ,Vk} is an 
orthonormal basis for Wn. We have for 1 ^ i, j ^ k, 



J' if {u,cr,Vi) (®)) f { — u,a,Vj) 


K 


=ffKiPNn i^K)5ij 


PKiPNnflK) ffi = j 
0 otherwise. 


( 2 ) 


Let us denote as well by (,) the duality between "'a) and /("'(—p), "'cr), it should cause 
no confusion. We similarly get that 

f(yu,™cr,Vi)i /(™ {—T')ya,Vj) ^ J" if ('^L',^cr,Vi) (®)) /(™ {—V),™a,Vj)i^^')^^ 


=PKiP'N'n n K)5i, = 


ipKiP'N'nflK) ifi=j 


if otherwise. 

We denote by A{y,a,w)* the operator from into /(p, u) satisfying 


(3) 


{A{u,a,w)fi,f2) = {fi,A{i^,a,w)*f2) , (4) 

for /i E f 2 G /("'(-P),'^cr). ^t [A{u,a,w)]B = iaijiujf and let [A{u,a,w)*]i 3 = 

(6jj(p)), for 1 ^ i, j ^ k. Let ri = pKiPPfn H K), and r 2 = pxiP'hf'n H K). We then get from 
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equations HE] andm that r'iOjj(u) = r 2 bj^i{u). In other words the matrix [A(u, cr,is the 
complex conjugate transpose of the matrix [A{iy,a,w)]s times a positive real number r = rxjr^- 
We have from Proposition 5.2.1 in [ShalO| . that 

A{v,a,w)* = A{^ 

Suppose that u € ia*, then v = —V. We have that a, w)A{'^ w~^) is a scalar times the 

identity. We therefore get that [A{u,a,w)]B commutes with [A{^{i/),'^a,w~^)]B = [A{v,a,w)*]B, 
which implies that [A(u, cj, w)]b commutes with its complex conjugate transpose. We therefore 
get in this case that [A{i',a,w)]B and [A{^{i'),'^a,w~^)]B are normal matrices and therefore 
simultaneously diagonalizable, since their product is a scalar matrix, each must be a scalar 
matrix. We get that [A(u, a, w)]b is a scalar matrix for any u by analytic continuation. This 
finishes the proof. □ 

Theorem 8. Let (cj, VP) be an irreducible, (Y, ip)-generic representation of M. Let be B any 
basis for Wn and suppose that w is compatible with (Y, tp). Then [A{u, a, w)]b is a scalar matrix, 
for suthciently large n. 

Proof. We have that a is irreducible and thus is admissible. Then the contragredient represen¬ 
tation a is irreducible as well, otherwise a = a would be reducible and this is not the case. We 
get by the Langlands’ quotient theorem (Theorem 4.1 (3) in [Sil78] l that there exists a standard 
parabolic subgroup P* = M*W C P, an irreducible tempered representation (cj*,W 4) of M*, 
and a u* E a* = X*{M^) (g) C such that 

/m(u*, cr*) —)• a —>• 0, 

is exact. Where cr*) is the representation of M obtained by normalized parabolic induction 

from P* n M to M. Taking contragerdients of the exact sequence above and using the fact that 
the contragredient of is 7 m(—u*,(T*) we get the exact sequence 

0 —)■ a —^ (T*). 

Since a* is unitary we get that ct* is unitary as well. 

To avoid working with ct* and — u*, we redefine (a*, VP*) and u* in a more convenient way. 
We let (cj*, VP*) be a unitary representation of M* such that there exists an injective morphism 

T : a —/m(u*, cr*), 

for some u* E a* j- = X(M*) (g) C. We have shown above that such a (cj*, VP*) and u* do exist. 
We denote by Pm(u*, cj*) the space of functions where /m(u*,cj*) acts by right translation. 
Given u E a^, we let u E a* to satisfy 

(u,Pm*("J*)) = (u,i^M(R^*)) , Vm* E M*. 

Using the same notation than Lemma [21 we have 

A{u + u*,cj*,'w)(T*(u)(/)) = Tf’{u){A{u,a,w)f), V/ E P(u,cj). 

Since (cj, w) is (P, (/?)-generic, we get that VPy^ jJnM 7^ '-’y exactness of the twisted 

Jaquet functor we must have VM{i^*,cr*)YrnUnM therefore have by hypothesis H 2 that 

(cj*, VP*) is a (P, <^)-generic. Let (VP*)^ be the Xn isotypic component of (cj*, VP*) when restricted 
to {M^)n, and let P* be a basis for (VP*)^. We then get by Proposition [71 that for sufficiently 
large n, 

[A{D + u*,cj*,r(;)]B, 
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is a scalar matrix. We then have that there exists a D{i^) ^ G CU{oo}, such that for all € (VL*)n 
A{D + cr*, = D{u) ^ 

Let be a basis for Wn, and let v G B. We have that T^ii^)if{u,a,v)) is a non-zero vector in the Xn 
isotypic component of /(i/* -|- f'jCr*) when restricted to Therefore we have that the support 
of T'*(i/)(/(^ o- ,;)) is equal to iT(W)n- We have that 

r*(i^)(/(.,.,.))(!) = r(/(,,,,,)(i))(i) = r(i;)(i) 

We conclude that 

(T*, T(i))(l)) 

Similarly we have that 

We note that T{v){l) = T'^{v){l), putting it all together we get 

T w)f(i,,a,v)) =A{i> + o-*, = A{i> + 

=D{u) ^f[wi,+wv^^wa:,,T(v)(l))=D{v) ^T^{l'){f(^u,'^a,v)) 

Using the fact that the linear map is injective, we get 

^(r', fj, iu)/(^ (j „) D{y^ fu ™a,v) ■ 

Therefore [A(iy,a,w)]s is a scalar matrix. This finishes the proof of the theorem. □ 

Definition 6. Let {a, W) he an irreducible, (T, ip)-generic representation of M. Let B be any ba¬ 
sis for Wn and suppose that w is compatible with (Y, ip). We know by TheoremlElthat {A{v, a, 
is a scalar matrix, for sufficiently large n. We denote by D(^Y,^,n){^j ^he meromorphic func¬ 
tion that satisfies D(^Y^^ n)i^Wjw)[A{r',(T,w)]s is the identity matrix. We call D(^Y,ip,n){^Wjw) a 
generalized local coefficient. 


We have that generalized local coefficients are related to the Plancherel measure in the way 
we expect from Proposition [3l 

Corollary 9. We have for n sufficiently large 

p{v, a, w)x^{G/P)y^-i {G/P') = D^y^^^n )(c T w)~^Dy,^y {^v, ^a, 

Proof. Take v G 1T„ and constructing the function f[y^a,v) ■ We then have that 

p{u, a, w)xw{G/ P)7u,-i {G/P')fyn,v) = A{'^u,^a,w~^)A{u,a, w)fyn,v) 

Gl{Y,tp,n){.^Wi^) A{ V, (T,W )fyu,™a,v) A)(Y,p n){^:'^iW) P(Y,ip,n){ V, O', W ) f(y,cr,v) 

□ 


We have that generalized local coefficients are multiplicative. 

Corollary 10. Let {o,W) he {Y, ip)-generic representation of M. Let w,wi,... Wk be as in 
Theorem Suppose that w,wi,... ,Wk are compatible with (Y,ip). Let ui = n, Ui = 
oi = o and ot = '^^~^Oi-i, for 2 ^ i ^ k — 1. Then for n sufficiently large 

n—1 

D{Y,v,n){^,0,w) = Dy,^y{ui,Oi,Wi). 
i=\ 
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Proof. We have out of Theorem 01 That 

A{u,a,w) = A{i^k-i,crk-i,Wk-i) ■ ■ ■ A{iyi,ai,wi). 

Take v € Wn and construct the functions 1 ^ i ^ k — 1. We then have that 

1) 1 ) 1 )/(l/i_l ,fTi_l ,1)) (^* —1) 1 ) 1 ) f {ui,ai,v) 

We then get 

f{^v™a,v) •>f {u,a,v) 

n—1 

^(u/c—1, Gk—l.) Wk—l) ‘ ‘ ‘ ^(ui, (Ti5 ,(71 ,f) '^i') f pua^v) 

i=l 

The theorem follows. □ 

3.2 Relation to Shahidi’s local coefficients 

In this subsection we restrict to the case where G is quasi-split and use the notation and assump¬ 
tions needed to define local coefficients defined in Subsection 12.21 Let —A denote the negative of 
the simple roots in A. There exists a relatively (—A)"regular element A € u, such that, 

X{u) = V' o trg(A log(u)), u€U. 

Lemma 3. Let X be as above. The conditions that x is compatible with w, wq and Wq implies 
the conditions 

= X^, (X^o)^ = X^, (X^o)^, = X„,. 

Proof. We show (A"’)^ = An^ and analogous arguments will work for wq and Wq. Indeed, the 
fact that w is compatible with y means that 

fj o trg(A log(M)) = x(u) = = f) o trg(A log(t(;urc“^)) = f) o trg(A"' log(u)) 

for M G [/ n M. We then get that 

if o tim{Xm log(u)) =ifo trn,((A"')n 7 log(M)) ^ ^^^((A - X'^)mZ) G O, V Z G u C tu. 
^trm((A-A"')n,Z) = 0,VZGunm. 

Using the fact that the bilinear form tr^ is non-degenerate and that the dual of the Lie algebra 
of [/ n M is the Lie algebra of C/ fl M, we deduce that (A"')n 7 = An^. Similar arguments work to 
show that (A’^o)n7 = Ana, {X<)m' = X^,. □ 

Lemma 4. Let Y = wf^Xw^ = X'^^. Then {Y,(p) is compatible with w, i.e. (T“’)m = Um- 

Proof. We get out of (A"'°)na = Am that 

(<A)m = (A-^)m=Um (5) 

Using now (A"'o)^, = X^' we see 

(A’"^“’<“’“')m' = Am' ^ (A-^"'<)m = (A-)m = Am 
^ (A-^-)m = KA)m ^ using 0 we get (y“')m = Am- 
This finishes the proof of the lemma. □ 

Lemma 5. Let Y be as in Lemma 0 We have x^^(a) = if o trg(A log(a)), for u £ U, and 
x(a) = if o trm(Tm log(n)), for u £ U D M. Moreover, if (u, W) is an irreducible X“g'eneric 
representation of M, then (cr,W) is (Y, ip)-generic. 
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Proof. We have for u £ U that 

X^^{u) ='il;otTQ{Xlog{weuwf^)) = V’otr 0 (X"''^ log(u)) = o tr 0 (y log(R)) 


We have for u £ U H M 

^^Xiu) o trg(X \og{{wf)~^uw^)) = 11)0 tr^ir^ X)^ log(n)) =1/^0 trm(ym log(tt)) 


In order to prove that then (u, IL) is (y, (^)-generic, we need to show that WymUnM ^ 
have that the space Homt/nM(o', x) is one dimensional, fix then A a Whittaker functional in this 
space. We have a map from 

Homf/nM(o-,x) —^ Hom^^^((T, "'"x), 


given by A i-A A o a{w^) ^. We therefore have that Hom^Pi^((T, x) 7 ^ 0 and thus Wy ^ 

0 . □ 


Let t = ip{w). We define x by 

X{u) = x{t~'^uf') = V' o tr 0 (ci 7 "^’^Xlog(u)), u£U. 

An easy computation shows that 

= x{'>J^et'^wf'^uw£t~^wf^), u £ U (6) 

Indeed, we have that 

x(u) =V’ ° trg(G 7 “^"'A log(u)) = V’ o trg(ro“^"'X"'^ log{wf^uwe)) 

=V’ o trg(ro“^"'y log(t(;^^ut(;£)) = xjj o trg(t“"'yt"' log{wf^uw£)) 

='if o trg(y log(f"'u;^^uu;£f“"')) = ip o trg(A log{w£t'^wf^uw£t~"'W£)) 

=ip o trg(A"''^ log{t^wf^uw£t~'^)) = x{wet^wf^uw£t~^wf^) 

Since {a, W) is X“generic we get that (*"< 7 , IL) is X“generic, and since a, W) is isomorphic 
to (u, ly), we conclude that (u, IL) is X“generic. We claim that x is compatible with w, wq and 
w'fy We show that x is compatible with w and analogous arguments will work for wq and w^. Let 
u G 17 n M, then 

X^(u) =ip(trg(w~^^X log(wuw~^)) = ip(w~^"'trg(Xvjlog(u)w~^)) 

=ip(zu~^'^ trg(X^ log(u))) = V’(w"^”trm((A"')mlog(u))) 
=V'(ro“^”trm(Xmlog(tt))) = iA(ro“^”trg(Xlog(n))) 

=x(u) 

We now state and prove a theorem that relates local coefficients to generalized local coefficients. 


Theorem II. Let {a, W) be x~S^neric representation of M. Suppose that x is compatible with 
w, Wq and Wq. Let x{u) = ip o trg(X log(u)), u £ U, for some relatively {—A)-regular element X 
i.e. of the form X = XlogA ^-a: 1^-a G 0 -q- Let Y = X'^^. Then for n sufficiently large we get 


c'x(y 


h'wiLf'n) 


D(Y,ip,n){l^, (^,W) 


where x 




X- 
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Proof. We have already showed that x is compatible with w, wq and Wq. It does makes sense 
then to talk about C^{h',a,w). We also have by Lemma [Hand Lemma [5l that {cr,W) is {Y,tp)- 
generic and that w is compatible with (y, tp). We assume that n is sufficiently large so that Wn 
is one dimensional which is possible by Theorem [21 and let u be a non-zero vector in Wn- We 
then construct the function f[u,a,v) S V{v.,a). Recall the dehnition of f[u,<j,v) i^i our situation to 
be the function with support in PNn given by f{pj) = for 

p G P,j € Nn- We compute X^{v.,a) (/(u,We then get 

Kf{wQ^xwe))x{x)dx 

wqNwq~'^ 

= J Kfiiwf) ^Wg^xwi))xix)dx 

woNwo~^ 

= Sp{{wf) j \{a{{wf) ^)f{wj^xwt))x{x)dx 

wqNwq~'^ 

= 5p{{wi)^ J \{a{{wf) ^)v)x{wif^wf'^xw(t~'^wf^)x{x)dx 

WoNnWp^ 

= 5p{{wi)^ ^)~^/'^v{{wf) J X{a{{wf) ^)u)x(a;)x(^)c^ 2 ; (by equation El) 

WoNnWp^ 

= 5p{{wf) ^)p^^j^^^_:,{woNnWQ^)X{a{{wf) V) (V 

A similar computation shows 



X^riy, "'ct) (/("'u, 

= 5pi{wf) ) ^)Py,,^jpy,,^-i{w'QlPnw'o~^)X{^a{{wf ) V) 


( 8 ) 


Since P D Gn is a compact open subgroup of P invariant under conjugation by (w^) ^ we 
get that 5p{{w^) ^) = 1, and similarly 5pi{{wf^') ^) = 1. Using the fact that w~^wf^'w = 
we get that 

^) = u((u;f )"^) and A(“’fT((u;f') ^)v) = X{(T{{wf)~^)v) 

We also have that the measure is that of after conjugation by wq. We then get that 

f^woNwo-^i^oNnWQ-^) = p^{Nn) 

Analogously, we get that 

nWQ ) = pj^{N'n) 

Suppose for the moment that X{a{{wf^) ^)v) is not zero. We can then divide and obtain from 
equation [7] and equation [8] 

^ PNjNn) 

{l{'^i',^cr){w£)f(^u,^^^^^y)) pj^{N'n) 
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We then get 

^ x ( go -) =Cx{i',<y,w)X^ru,^a) {A{u,a,w)I{u,a){we)f(„^a^^)) 

=Cx{v, cr, w)Xxru, "'cr) {I^u, ^a){we)A{u, a, 

=Cx{v, a, w)Xxru, ^a) {iTu, '^a){we)D^Y,f,n){’^, cr, 

=Cx(g cr, w)D^Yip,n){^, cr, ^a) {1(^1', "'cr)(u^£)/(t„-,^<^,„)) 

^ Cx{i^,a,w)D,^Y<p,n){ic,a,w)-^ = 


We now show that X{a{{wf^) ^)v) is not zero. We have by the proof of Lemma [5] that 
VLy-^ c7nM dimensional. We therefore have that for n sufficiently large Wn is one dimen¬ 
sional. Let = a{t'^)Wn- Consider the map i-)- WY,„,unM given by the inclusion of VL^ 

into W composition with the quotient map into bLy^ [JnAL’ From the proof of Theorem 1 (ii) in 
|Varl4| we have that i-7> Wy^. ,unM is an isomorphism (we are assuming n is sufficiently 

large that makes our coincide with the j'^ in |Varl4j and it is thus an isomorphism). Consider 

A E Hom[/nM(o-, x) 


we get 

A o a{wf )-^ E Homjj^^((T,"'«^x)- 

If we take a non zero vector v' E we get that j'nW) ^ 0 and because A o a{wf^)~^ factors 
through we get X{a{wf^)~^v') / 0. In particular X{a{wf'^)~^a(t'^)v) ^ 0. We claim 

that A o cj{{wf^) E Hom^pi^(cj,x). Let x = {w^) We have that 

A o a{x) E Hompn^(fT, x"")- 

In order to prove the claim we will show that x^{u) = x{u), u E t/ H M. We have 


='i/’(trg(Wlog((u;^) ^f^ut '^wf)) = 'il:{tiQ{'^^X\og{t^ut ’"))) 

X)^\og{eut-^)) = V^(tr^(yn,log(rut-")) 
=i/;(trm(tt7“^’'ymlog(u)) = V'(trm(tr7“^”("'^*'x)mlog(u)) 
=^|^{iT,{w-^^X\og{{wf)-\wf))) = <x(^). 

This finishes the proof of the claim. We then have that since Xoa{wf^)~^ is in x), 

it must be a non-zero multiple of A o a{{w^) and hence X{a{wf^)~^v) ^ 0. 

□ 


Remark 3. We get that 

h'wi^n) 

is independent of n. We have that the measure pM is the measure coming from n after pulling 
it back from the log. The measure on n is the product of the measures in F. Once we choose 
a measure for F we then choose a measure for and the same is true for pj^. Therefore the 
quotient 

h'Jwi^'n) 
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becomes invariant. 

Remark 4. We get for G = GLm{F) that 

We can choose the lattice L in this case to be Mm{o). We even get that frj;^{Nn) = g.j^{N'n) = 1 
after choosing the right measure for F. We have that the measure //at is the measure coming 
from n after pulling it back from the log. The measure on n is the product of the measures in 
F. Take the measure on F to be the one that is self dual with respect the character We 

then get that the measure of the set o with respect to the measure on F is q^. That means that 
the measure oflog(Nn) = Pin has measure = i. xhe same argument 

then shows that pj^{Nn) = frj^{N'n) = 1. One may hope 

^ 

for a general quasi-split group. 


4. The case of GLm(D) 

We first introduce some notation. We let D he a division algebra with center F. We sup¬ 
pose that the index [D : F] = d'^. We have a reduced norm rdN : D i— F^ and a reduced 
trace that we denote by rdTr : D F. We can extend the valuation vp oi F, to a dis¬ 
crete valuation vp of D by the formula vd{x) = ^ni?(rdN(a:)). We have an element wp € D, 
such that vd{wd) = 1. The set Op = {x G D : vd{x) ^ 0} is an O lattice in D. If we let 
Od = {x G D : rdTr(x 2 ;) G 0,ior all z G Op}, we get that Op = w]^'^Od. The statements in 
the paragraph above can be found in |R,ei751 Chapter 3]. 

Let iiD : D ^ F he given by tr£)(x) = TdTr{w]^'^x). We then get that Op is self dual with 
respect to irp- We know define a non-degenerate invariant bilinear form on Mm{D) x 

Mm{D). Indeed, given A = = (bij) G Mm{D) we let 

m m 

tr m™(D) (415) = (^i,kbki)- 

i=l k=l 

We choose the maximal split torus A of GLm{D) to be those matrices in GLm{D) that are 
diagonal with entries in F. We fix the minimal parabolic subgroup Q = LU, to be the set of 
upper triangular matrices in GLm{D). Let Eij, be the matrix with a 1 in the (i,j)-entry for 
1 ^ ^ and zero everywhere else. If T is a relatively regular element in q, we get that 

Y = yi,i+iFi^i+i, for some 0 / yi,i+i g 5 , — 1 . Then By defines an alternating 

bilinear form on Mm{D)/Y* x Mm{D)/Y* (we refer to Section [2] for the definitions of By and 
W^). We consider for a moment the element Y = YllY then for X = (xjj) G Mm{F)) 

to be in we must have that YX = XY . If we compare the entries in both sides of this 
last equation we see that it is necessary and sufficient for X to be upper triangular and that 
Xij = Xj+ij+i, for 1 ^ i, j ^ m - 1 . We let c = {(xjj) G Mm{D) : Xj,m = 0, 1 < z ^ m}, we 
then get that the quotient map from Mm{D) onto Mm{D)/Y^ maps c isomorphically into 
Mm{F>)/Y'^. In fact we have that Mm{F>) = c © and thus By defines a non-degenerate 
alternating bilinear form when restricted to c x c. If Y' is any relatively regular element of Mm{T)), 
we have that there is an element t £ L such that ^Y = fYt~^ = Y' . Therefore 
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and thus *c © = Mm{D). We then get that *c is isomorphic under the quotient map to 

Mfn{D)/Y'^ and hence By defines a non-degenerate alternating form on *c. 

The next theorem is just the statement that GLmiD) satisfies hypothesis Hi. 

Theorem 12. Let Y be a relatively regular element of Mm{D). We can find a lattice C, of 
Mfn{D) that satisfies properties 1)~2) of Lemma{l\ with respect to By, such that if P = MN is 
a standard parabolic and if in denotes the lie algebra of M, we get that mn £ satisfies properties 
1)~2) of Lemma [T] with respect to By^. Moreover, we can choose C to also satisfy = C, for 
some full set of representatives of w € ■ 

Proof. We consider first the case where Y = We claim that in this case MmiOo) 

satisfies the required conditions. We see with almost no effort that MmiOo) satisfies condition 1) 
of LemmadJ To prove that MmiOo) satisfies condition 2) of Lemma[T]we make use of the notation 
above. We need to show that MmiOo) n c is self dual with respect to By. Let B = (bij) € c be 
such that for all A = (aij) € MmiOo) H c, By{A,B) G O. Recall that the last column of the 
elements in c is zero. We then have 


By{A,B)=trM,^iD)(Y[A,B])=trni^Yl 

i=2 k=l 

m m—1 m m—1 

^i^kbk^i—1 -EE bi,kO-k,i-i) (last column is zero) 

i=2 k=l i=2 k=l 

m m—1 m m—1 

= G'i^kbk^i—l -EE bk,i(Li,k-i) {k ^ i,m the second sum) 

i=2 k=l k=2 i=l 

m m—1 m—1 m—1 

^i,kbk,i—l -EE 

i=2 k=l k=l i=l 

m m—1 m—1 m—1 

— ^ ^ ^ ^ ^^Di^i,kbk,i—l) ^ ^ ^ ^ ^^D{^i,kbk-\-l,i) 
i=2 k=l i=l k=l 

m—1 m—1 m—1 m—1 

= EE pDiai,k{bk,i-i — bk+i,i)) + ^ trii(o m^kbk,m—l) E pD{ai,kbk+i,i) 

i=2 k=l k=l k=l 

We see from this last equation and from the fact that Od is self dual with respect to tr^, that 
bk,m-i,bk+i,i e Od and that bk,i-i - bk+gi G Od, for 1 < A: ^ m - 1, 2 ^ i ^ m - 1. We 
conclude from these recursive relations that bk^i G Od for 1 ^ i,k ^ m. If P = MN is any 
standard parabolic subgroup with lie algebra m, we have that 

m ^ (D) © (£>) ® • • • e (L») 

for some positive integers mi, m 2 , • • • m^. We then get that 

m n MmiOv) — Mruj^^On) © Mm2{OD) © • • • © Mmj,{OD)- 

It then follows from what we just proved that m fl MmiO^) satisfies properties 1) and 2) of 
Lemma dJ The general case now follows by the fact that every other relatively regular element 
is obtained by conjugating Y by an element of the minimal Levi, and thus conditions 1) and 2) 
of Lemma [Dare satisfied by transport de structure. □ 
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Theorem 13. The group G = GLm{D) satisfies hypothesis H 2 . 

Proof. Let {a, W) be a (T, (/9)-generic representation. Let Oy^ be the M-orbit of under 
the adjoint action. Let be the coefficient in the Harish-Chandra character expansion of 

{a®v,W) {Cqy^ is independent of u). Likewise, let Cqy be the coefficient in the Harish-Chandra 
character expansion of /(u, cr). Let 0(m) denote the set of nilpotent orbits in m, and let 0 ( 0 ) 
denote the nilpotent orbits in g. For an orbit G we define the set ind^(Om) to be the 

set of all orbits O G 0{q) such that O fl (Om + n) is open set of Om + R- Equation (9) in |MW87j 
(please see remark) with our notation reads 

tv{I{u,a){f)) = ^ ^ CoJStabG{Xo)/Stabp{Xo)\'fio{f 

OmGO(m) OGindgiOn,) 

Where Xq is any element in Ori{Om + n), and StabciXo) ( resp. Stabp{Xo)) is the stabilizer of 
Xo under the adjoin action of G (resp. the adjoint action of P). Let £ be the set of Om G Cl(tn) 
such that Oy G ind^(0,T^). We therefore obtain that 

Coy = Y,CoJStabGiXo)/Stabp{Xo)\. 

s 

Consider Om G £, then Oy n (Om + r ) is open and therefore from (7) in [MW871 pg. 443] is 
a P orbit. From Lemma 1 in |RR72] we get that Pq orbit of Y which is contained in the P orbit 
of Y contains an element X that is upper triangular and whose (i,i+l)-entries are non-zero for 
1 ^ i ^ m — 1. We have that X G Oy fl (Om + r), so if we write X = Xm + X, for Xm G Om 
and A'" G R, we get that the (i,i-|-l)-entries of Xm are not-zero and Xm is upper triangular. Using 
again Lemma 1 in [RR.72| we get that Xm is in the orbit of Ym and therefore Om = Oy„. That 
means that £ consists of the single orbit Oy„,. Hence 

Coy = GoYjStabG{Y)/Stabp{Y)\. 

We claim that StabGfY) C H, which implies Cqy^ = Coy- To prove the claim we first suppose 
that Y is the relatively regular element with I's in the entries above the diagonal zero everywhere 
else. Let 5 ^ G G be such that gY = Yg. After comparing entries of the last equation we arrive 
to the fact that g is upper triangular and thus contained in the minimal parabolic Q = LU. 
Since any other relatively regular element is a conjugate of Y by an element in L, we get that 
StabG{Y) C Q C P. This finishes the proof of the theorem. □ 

Remark 5. In the proof of equation (9) in jMW87| / they use the result ISSTtt IV.2.25] and 
from there they conclude that for a nilpotent element X in the lie algebra of G, the natural 
map StabG{X) into Stab^f-p^{X)/Stab^^-p^{X)° is surjective. Here G(F) denotes the points of 
the algebraically close field F and StabQ(p^{X)° is the connected component of Stab^^p^^X). 
The result ISS7(A IV.2.25] is stated for classical groups and we can not use this result for the 
case G = GLm{D). However in the case G = GLm{D) we get that Stab^fj;s^{Y) is connected 
and therefore the surjectivity of StabG(X) into StabQ^-pj(X)/Stab^ip;^(X)° is trivial. To see that 
that StabiQf^p^{X) is connected in the Zariski topology we first see that G{F) = GLmd{F). Let 
MmdiF) be the set of md x md matrices over F and consider X as an element in M^diF). The 
solutions so the equation XZ = ZX for Z G M^diL') is an affine space. We get that the set of 
matrices that satisfies XZ = ZX and det(Z) ^ 0 is a principal open set in affine space and thus 
connected. 
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